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A SIMPLIFIED THEORETICAL METHOD OF DETERMINING THE CHARACTERISTICS
OF A LIFTING ROTOR IN FORWARD FLIGHT

By F. J. BaiLgy, Jr.

SUMMARY

Theoretically derived expressions for the flapping, the
thrust, the torque, and the profile drag-lift ratio of a non-
feathering rotor with hinged, rectangular, linearly twisted
blades are given as simple functions of the inflow velocity
and the blade pitch. Representative values of the coeffi-
cients of each of the terms in these expressions are tabu-
lated for a series of specified values of the tip-speed ratio.
Analysis indicates that the tabulated values can be used o
calculate, with reasonable accuracy, the characteristics of
any rotor of conventional design.

In order to demonstrate the method of using the tables
included with the analysis, the charcteristics of a typical
autorotating rotor are calculated. A convenient method is
devised for expressing, by means of a single chart, the
relationship between the drag and the lift characteristics of
the rotor for various combinations of pitch, tip-speed
ratio, and solidity.

The decelerating torque and the profile drag-lift ratio of
the rotor are evaluated on the assumption that the profile-
drag coefficient of a blade element can be expressed as @
function of the angle of atiack of the element by the first
three terms of a power series. A conrenient method 1s
developed for determining appropriate values of the
coefficients of the different powers of the angle of attack in
this series for conrentional airfoil sections at any Rey-
nolds number.

When the blade elements reach angles of aftack abore a
certain limiting value, the drag coefficient begins to exceed
the value given by the series. For certain limiting condr-
tions of pitch and tip-speed ratio, where the elements begin
to reach high angles while moving at high velocity, the rotor
performance 18 impaired and the theory becomes optimistic.
A method of determining these limiting conditions 1is
developed.

A further limitation, imposed by the requirement thai
compressibility shock be avoided at the advancing blade
tip, is found to limit high-speed flight to high tip-speed
ratios, where the autorotating rotor is inherently inefficient.

INTRODUCTION

Theoretical expressions from which the various
characteristics of autogiro and helicopter rotors can be
calculated are to be found in the works of Wheatley
(references 1 and 2) and Sissingh (reference 3). The

form in which these expressions have been presented is
unsatisfactory for practical engineering calculations,
chiefly because the expressions have not been reduced
to terms of the two basic parameters: inflow velocity
and blade pitch.

In the present paper the theoretical expressions for
thrust coefficient, flapping coefficient, accelerating
torque coefficient, decelerating torque coefficient, and
profile drag-lift ratio are reduced to simple functions
of the inflow factor N and the blade pitch angles 6, and
;. The coefficients of the various terms in the expres-
sions are found to be functions of the tip-speed ratio u,
the mass constant v, and the tip-loss factor B. Values
of these coefficients, computed for y=15 and B=0.97,
have been tabulated for a series of specified values of
the tip-speed ratio. Because the departures of v from
15 and B from 0.97 that are to be expected in modern
rotor designs have a negligible effect on the values of
the coefficients, the tabulated values can be safely used
for caleulating the characteristics of any conventional
rotor.

In the derivation of expressions for the decelerating
torque and the profile drag-lift ratio, it is necessary to
approximate the relation between the section profile-
drag coefficient ¢4, and the angle of attack «, of &
blade element. This approximation is made in the
present paper by means of the power series:

cdo=80+51ar+52ar2

From the data of reference 4, a convenient method is
then developed for assigning appropriate values to the
coefficients &, &;, and &; for conventional airfoil sections
at any Reynolds number.

When blade elements approach or exceed the stall,
their drag coefficients greatly exceed the values given
by this approximation. At the same time their lift
coefficients fall below the values given by the approxi-
mation

Ci=acua,

that is used to express the relation between the lift
coefficient and the angle of attack of an element.
As long as such elements are confined to parts of the
rotor where the relative velocity between the air and
the elements is low, the contribution of these elements
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to the total rotor force is small and the theory is accu-
rate. When the conditions of pitch and tip-speed ratio
exceed certain limits, however, blade elements begin to
operate near or beyond the stall while moving at high
velocities. Their drag then begins to impair the per-
formance of the rotor and the theory becomes opti-
mistic. In order to prevent the unwitting application
of the theory to these conditions, in which its basic
assumptions are untenable, a method of determining
approximately the limiting combinations of pitch and
tip-speed ratio is presented.

A source of much confusion in the analysis of data
on rotor drag has been the lack of a method of present-
ing the data in a simple form capable of showing directly
and independently the effects of changes in the pitch,
the tip-speed ratio, and the solidity. It isshown in the
present paper that a chart of the profile drag-lift ratio
against the lift coefficient-solidity ratio Cp/e¢ for a series
of specified values of pitch and tip-speed ratios com-
pletely satisfies the requirements.

Calculations of the speed of the tip of the advancing
blade are included to show that, if compressibility
shock is to be avoided at this point, high translational
speeds are feasible only at high tip-speed ratios. An
autorotating rotor becomes inefficient at these high
tip-speed ratios because of the stalling of the retreating
blade.

The method of using all the tables and charts included
in this paper is fully explained and illustrated by
sample calculations for a typical rotor.

The scope of the paper is limited to linearly twisted,
rectangular blades with the flapping hinge perpen-
dicular to the rotor axis and to the blade span. Periodic
blade-twist terms are not included in view of the cur-
rent trend toward blades designed to eliminate periodic
twist. In the derivation of all the expressions that
are functions of the tip-speed ratio g, all terms of the
order of u* or lower have been retained and all terms
of the order of u® or higher have been dropped.

SYMBOLS

rotor angular velocity, radians per second

blade radius

forward speed

speed of axial flow through rotor

tip-speed ratio (V cos «/QR)

component of forward speed in plane of disk

tip loss factor

Blade elements outboard of radius BR are
assumed to have drag but no lift.

radius of blade element

ratio of blade-element radius to rotor-blade
radius (r/R)

velocity component at blade element per-
pendicular to blade span and parallel to
rotor disk

number of blades

blade chord

tcn:g': Eq';u:o
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upR  velocity component at blade element perpen-
dicular both to blade span and to QR

by blade pitch angle at hub, radians

6 " difference between hub and tip pitch angles,
radians

a "~ slope of lift coefficient against angle of attack
of blade airfoil section (radian measure)

¢ . solidity, ratio of total blade area to swept ~disk
area (be/wR)

P air density

I  mass moment of inertia of rotor blade about
horizontal hinge

v mass constant of rotor blade (cpaR*/I;)

My weight moment of blade about horizontal _
hinge

I .. rotor thrust

Cr= """ T/o*rR*

Q rotor torque

Co= - Q/s¥=zR*

L rotar lift

Cr= — L[}pV’zR?

D rofor drag

Cpo=— D[4 V*zR?

a angle of attack of rotor disk

a angle of attack of blade element

B blade flapping angle

¥ blade azimuth angle (measured from down-
wind position in direction of rotation)

Cag section profile-drag coefficient of a blade
element operating normally

¢y ~ section profile-drag coefficient of a blade
element in reversed-velocity region

80, 01, 82 coefficients in power series expressing €y 8S 8
funection of ¢;

¢ section lift coefficient of a blade element

g constant term in Fourier series that expresses 8

a, coefficient of cos ny in expression for g

by coefficient of sin ny in expression for 8

ANALYSIS
FLAPPING COEFFICIENTS

The flapping angle B between the blade-span axis
and the plane perpendicular to the rotor axis is & func-
tion of the azimuth position of the blade. The relation
between g and the azimuth angle ¥ of the blade can be

approximated with sufficient accuracy by the Fourier o

Beries.

B=ay—a, cos ¥—b, sin Yy—a, cos 2¢—>b, sin 2
Expressions for the flapping coeTicients ay, @;, and &
are given in equations (9-11) of reference 1. By sub-
stitution and division these expressions can be reduced
to the form:

1 My

O (b 0 (90— TE Q)

ar=(t ) At g0+ o) by @)

= (1) M- (t1,8) 00+ (b1.0) 61+ (1 10),1 _?gf (3)
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where the symbols (1), (f.2), etc. are used to represent
lengthy expressions involving the tip-speed ratio g, the
tip-loss factor B, and the blade mass constant v. The
actual expressions represented are given in full in the
appendix.

In equations (1), (2), and (3) the coefficients of A,

1M . .
6y, 6;, and p p;;' are, for all practicel purposes, inde-

pendent of v for values of x up to 0.5 and for values of
v up to 25. For example, at a tip-speed ratio of 0.5,
reducing v from 15 to 0 changes no coefficient by more
than 2.9 percent. Increasing v from 15 to 25 changes
no coefficient by more than 1.3 percent. All terms
that involve y are of the order of u® or u*; hence, the

effect of v decreases very rapidly as the fip-speed ratio
is reduced.

Numerical values of the coefficients of A, 6, 6;, and
% %’Z in equations (1), (2), and (3) are given for speci-
fied tip-speed ratios in table I. The values given have
been computed on the assumption that the mass con-
stant v is 15 but these values may be used, with satis-
factory accuracy, for any value of v from 0 to 25. It
will be noted that the subscripts of the symbols (),
(f12), ete. used in the equations have been chosen to
indicate the table and the line in that table where the
appropriate numerical values are to be found. This
procedure is followed throughout the paper.

TasLe L—NUMERICAL VALUES OF THE COEFFICIENTS IN EQUATIONS (1), (2), AND (3)
[y=15; B=0.67]

Tip-speed
ratio, &

0.30 0.35 0.40 0.45 0.50

ayy In equation (1)

D, S —— 0.1528 0. 1525 0. 1627
[ T —— | .1183 .1158 .1178
) —— .0877 . 0890 . 0908

0.1831 0.1538 0.1543 0. 1650 0.1560
. 1209 L1244 L1284 L1328 1378
.0927 . 0050 L0077 +1006 .1038

a1 In equation (2)

M 0.322 0.431 0. 543
.418 564 L7186
R .304 410 .520

0. 659 0.777 0.869

55
5

L
874 L041 La7 L 1.807
.034 765 .881 1,016 1.159

bify In equation (3)

0.0318 0.0415 0. 0517 0.0819 0.0721L 0.0822 0.0025 0.1028
.0233 . 0316 .0401 .0498 . 0581 .0698 . 0809 . 0983
.0180 . 0242 . 0308 L0377 . 0449 . 0528 0609 . 0007
—204 | —2e0 | -3 | —.8e3 | —4k2 | —.p07 | —.s&7 | —.608
In table I, and in all subsequent computations in the az
present paper, the effective blade radius is assumed to B (G (f2)bot (B2)00 @)
be 97 percent of the actual radius; that is, the tip-loss by
factor B is 0.97. For conventionsal rotor-blade designs L G (ea)bot () ®)

this value is considered to be a sufficiently close approxi-
mation to the recommended value 1—¢/2R (reference 1).

Expressions for the flapping coefficients a; and b,
are given in equations (9-15) of reference 1. These
expressions can be written in the form:

The coefficients of \, 6, and 6, in equations (4) and (5)
are not independent of v but are independent of .
Values of these coefficients for specified values of v are
given in table II. Complete expressions for each
coefficient are given in the appendix.

TasiE IL—NUMERICAL VALUES OF THE COEFFICIENTS IN EQUATIONS (4) AND (5

[B=097]
nstant
constan
Coefficfent ,; 0 2 4 8 8 10 12 14 16 13 20
of
ay/p? in equation (4) .
S, 0 0.214 0.417 . 802 .919 1.058 1.184 1.308 1423 1.53¢
00 e e 0 . 198 .383 .548 .810 .18 L009 1.096 LI177 1,257
;7 N B | . 150 201 417 .618 . 698 T2 .839 .908 .
ba/pt In equation (5)
R, Q —0.013 —0.049 -0.100, —0.157 —0.214 —0.268 —0.814 —0.35¢ —0.388 —0.417
Y 0 —.018 —. 059 —. 121" —. 191 —. 260 —.324 —.381 —. 430 —. 471 —
[ i —.012 —. 044 -—.000 —. 142 —. 194 —. 242 —.284 —.32 —.351 —. 817
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THRUST COEFFICIENT

The expression for the thrust coefficient given in
equation (8-14) of reference 1 can, after substitution
from equations (2) and (5), be reduced to the form

2
20— (o) M ()t (5064 ®)

Again the coefficients of A, 6,, and 8, are practically
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independent of yv. At a tip-speed ratio of 0.5, a reduc-
tion of y from 15 to 0 changes no coefficient by more
than 1.7 percent while an inerease in v from 15 to 25
changes no coefficient by more than 0.7 percent.

Numerical values of these coeffictents, computed for
y=15 but satisfactory for any value of v between 0 and
25, are given in table III. Complete expressions for
each coefficient are given in the appendix.

TasLe IIL—NUMERICAL VALUES OF THE COEFFICIENTS IN EQUATION (8) FOR

2 Cr/ ol
[y=15; B=0.07]
Tip-isopeed T- . _
ratio, PR B B : ..
Qoefficlent ' 0.15 0.20 0.25 0.30 | 0.35 . 0.40 0.45 0.50 .
of - = -
=

Aeememreceercrmama— 0. 476 0.480 0. 487 0. 494: 0.504 0. 516 0. 529 0. 5844
N 315 (822 . 383 848, 861 8379 . 300 422
PN . 226 230 287 . .52 - .263 .275 280

: =1 - . - =1

ANGLE OF ATTACK

After the thrust coefficient Cy has been determined,
the angle of attack « between the plane perpendicular
to the rotor axis and the flight path can be obtained
from equation (5-2) of reference 1, which is

_A Cr
a—;+2‘u' ()\2_}_'“2)1/2 (7)
For low angles of attack A? is negligible in comparison
with u? and the expression reduces to

)\+0T

ACCELERATING TORQUE

In previous work on the torque equilibrium of auto-
giro rotors (reference 5), it was found convenient to
divide the aerodynamic torque into two parts: one
dependent on the components of the lift vectors of the
blade elements parallel to the plane of the disk and the
other dependent on the components of the drag vectors
parallel to.the plane of the disk. In the case of the
sutogiro, the torque arising from the inclination of the
lift vectors relative to the plane of the disk tends to
accelerate the rotor and was designated the accelerating
torque in reference 5. This designation will be
retained in the present paper even though, in the case
of the helicopter, the inclination of the elemental lift
vectors may tend to decelerate the rotor.

(8)

TasLs IV—NUMERICAL VALUES OF THE COEFFICIENTS IN EQUATION (9) FOR

A study of equation (9) of reference 5 shows that the

accelerating torque coefficient Cq, of a rotor without
dynamic blade twist can be expressed in the form

1720, '
&( Q“)= (t4 1) N4 (tc 2) Ao+ (h 3) M+ (fm)eoz
—+ (t05)000:+ (6 8)0°+ (b ) Y702 Ié’ A= (1, ,3)7%5790

My

+ 9)'}’ T 9201+ (% 10)( My (9)

The &bressions represented by the symbbls (te1), (i2), |

ete. are given in the appendix.

The last four terms of equation (9) are neghglble for .

combinations of v end My/IQ* found in current
autogiro designs.

Numerical values of the coefficients in the first six
terms, computed for y=15, are included in table I of
reference 5. For convenience these values are repeated
in table IV in the present paper. Reasonable depar-
tures of the mass constant v from 15 can again be safely
ignored although the effect of changes in v is somewhat
greater than it was in the case of thrust and flapping.
Atp=0.5 the maximum change produced in any of the
coefficients by decreasing v from 15 to 0 is 5.6 percent
and the maximum change produced by increasing v from
15 to 25 is 9.2 percent.

1/a tzfi"q.,/a)

[y=15; B=0.97]
Tip-speed
ratlo, g ; -
Coeﬂ‘lrc{en 0.16 0.2 0.25 0.30 _ 0.35 0.40 0.48 0.50
o h .
. 3
0.526 0.558 0598 0.646 0. 702 0. 768 0. 840
421 400 .51 .689 .824 . 986 1179
. 308 . 858 420 - 50G . 508 L7l . 864
040 . 066 .100 145 . 203 .278 .368
. 058 .09 L1460 .212 - . 206 408 588
.021 . 085 . 063 e 077 .108 147 . 198
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A comparison of the expression for the accelerating
torque of a constant-pitch rotor of pitch 6,--A8, with
that for a rotor of pitch 6, and linear twist 6, shows that
the two rotors will have the same accelerating torque
at the same inflow factor if

(), _ (s) o _ [,
=g, =20 "=V o)

A study of the numerical values given in table IV shows
that, for all practical purposes,

() _ () _ [Tad) _35
(tg) 2@ ¥ (14 W) 4
Hence the accelerating torque of a rotor with linearly
twisted blades is, for practical purposes, equivalent to

that of & constant-pitch rotor if the pitch of the ele- |-

ments at 75 percent of the effective radius BR is
identical in the two rotors. Considerable time can be
saved in calculating the accelerating torque of a rotor
with linearly twisted blades by first determining the
blade pitch at 0.75BR and then calculating the torque
of a rotor with untwisted blades having this pitch.

DECELERATING TORQUE

The decelerating torque coefficient Cq, of the rotor
can be expressed in the integral form by following the
method developed in reference 1:

20,
(2= oo [t

21: ” d
2eq.2d2
+2Tf f—nsmw i ﬂox
— hd,/,f Trein fuT ¢4y xdx
TJx 0

In this expression, ¢4, represents the profile-drag co-
efficient of a blade element operating normslly and
¢q,’ represents the profile-drag coefficient of an element
in the reversed-velocity region.

Experience has shown that the drag coefficient of a
blade element cannot be considered to be independent of
¥ and x; hence equation (10) cannot be integrated until
cq, 8nd ¢4 are expressed in terms of ¢ and z. The
simplest way of satisfying this requirement is to approxi-
mate the relation between the drag coefficient and the
angle of attack of an element by a power series of the
form

(10)

c¢0=ao+ala,+a2af=6o+al(1i*’+ao+zel)

+a( +eo+ma,)

as was originally done by Sissingh in reference 3.

The effective angle of attack of elements in the
reversed-velocity region has been shown in reference 1
to be .

. ,__ul_,
oy =——=
Ur

It will therefore be assunied that
Cdo'=5o+51(—?ﬂ:—00—191>+52
Ur
480134°—42——15

—Gy—26,

—Yr_ g 26,)
Up ’ 1‘1>
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With ordinary airfoil sections, of course, the values of
8, 8, and & appropriate for backward-moving blade
elements in the reversed-velocity region may be
expected to differ considerably from the values char-
acteristic of the forward-moving elements in the rest of
the disk, At tip-speed ratios below 0.5, however, the
total contribution of the reversed-velocity region is too
small to necessitate any such refinement in its evalua-
tion.

After substitution for ¢;, and ez
becomes

2001! 1 L' 1 1 2x 1
( - )=6"[Z-ﬂ d‘l’j; u,,ﬁa-dx_l_é;j; dl,b _“sm‘uz-zrd;t
_% f 2rd¢ J; e wuf:rdx]
+a[if'd¢flu= e | gtz )md
- o o T 'uz'+ 0 1 )rax
1 2x 1 Up
+2-—1r£ dl#f_ﬂ iy U u—r+eo+zel)tdx
Ix —psiny
—21_71“£ d‘l’ﬁ * uf(-—Z—:—Go—le)Idr]
1 [~ LU g
+a,[—f dgt:f u,v’(—P—[-Bo+:r61) xdr
Ugp
f v [ (et ) s
—Fsm!{‘

2: f-“sm\b 2(—— —B—1x6; > :rda::l

which reduces to

equation (10)

20 { a2 8ln
(T"" —5, f a uTzzdx—— f f ' ‘u,zxdz:l
[~ 2x 1
-Hsl_zi1r i dybj; uﬁ(ﬁ—:—l—eo—l—a:&)rdx]
[~ 2x i 2
+zs;_2i1r v ﬁ Uy Z—:+eo+xel) ade
Zr —psn\b
——f f —|— 00+x51) Id.l‘]

After substitution for u; and up from equations (8),
(9), (10), and (11) of reference 2, integration, and
substitution for the flapping coefficients from equations
(1) to (5) of this report, the expression for decelerating
torque takes the form

2C,
( :d =00 (%s,1) +51[-(t5,2) M (f5.0) 00+ (ts.4.)91:l
+52I: (£5,5) N2 (¥5,8) Mo+ (B5,7) N1+ (25.,8)06°
—+ (ts 9)9091+ (fs.0000:°
+ (& 11)'YI oF oMt (ts.12) ’Y%%;;ao'!‘ (ts.ls)‘Y'I_lt-;[—in 0
+a)(75F) | an
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The complete expressions for the coefficients repre-
sented by the symbols (#,), (s2), etc. are given in the
appendix.

The net contribution of the last four terms in equation
(11), that is, the terms containing Af/I,Q? is negligible
for normal values of v and Afyp/I¥*. Values of the
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coefficients in the first 10 terms are given in table V.
for y=15, B=0.97. The effect of ¥ on the value of
these coefficients is again very small. At a iip-
speed ratio of 0.5, no coefficient changes by more than
than 3.6 percent as v is reduced from 15 to zero—or
by more than 4.6 percent as v is increased from 15 to 25.

Tasre V.—NUMERICAL VALUES OF THE COEFFICIENTS IN EQUATION (11) FOR (20@.,/6-)
[y=15; B=0.97]

Tip-speed Py
Coet. J2H0 £ 0.15 0.20 0.25 0.3 0.35 0.40 0.45 0.50. -
clent of _ X :
ﬁ ~ —— —_—i
0.258 0.280 0.268 o2 0.280 0.280 0.209 0.310
338 883 .33 . -333 .33 .33 .83l
-258 2680 “265 g | m 1280 “28 309
“204 ‘207 1210 73 1220 ~228 ‘233 239 .
.835 562 “57 64t 604 RT &% .51 i
“787 795 .871 X Log2 1242 1422 L1637 N
<861 563 ‘848 i : o 1043 1197 =
~280 305 133 ¥ .443 .58 2810 724 .
43 479 58 5 676 ‘T8 ‘o1 1078 o
‘183 .196 ‘214 .23 268 -308 .35 .413
PROFILE DRAG 1 [ Lo
1 3 P
. . + —|:—— dlllf Uy <—+0 +x61)dx
The profile drag-lift ratio of the rator can be expressed al 27 Jo 0 Up

in the integral form by following the procedure outlined
in section 11 of reference 11 . -

D
° 2#01' (27f (N’f urc‘iodx

21
3
+2‘Il'f \l/ . ‘puT Cdodx

21r —psin ¢
_— . f Uy cdo’dx)
LT Jx V]

Under the same assumptions as to the profile-drag
coefficient of a blade element that were used in evalu-
ating the decelerating torque, equation (12) becomes

2uCr %_ lfr J‘l 5 -];_fzx !
= (L 0—6 5 0d1/z Ourdr-l-27r T dy _“iwu#dx
2r sin
— f v ﬁ - uradx:l
1~ 1 U
+3l[ﬂﬁ d‘f’j; Up .u—:+90+$31)d1
L zrdll’fl uﬂ"a 22+60+x61)dqr
27 )« —psiny Ur
1 2x —udn ¢
e[ [ ]
1 T 1 2
+52|:§rf dy [; uT”(Z_};"‘gO-"xel) dr

e I o S L

21r —upSiny 2
o A )]

which can be reduced to

etk AR N

(12)

usin ¢
ufdw]

_|_%2[% L "y L S Z—:+00—|-xe,)zdx
—%Lzrd-lllﬁ_" Uz ( +00+x31) d-{l

After substitution for up and up from equations ®),
substitution for the Aapping coefﬁclents from equatlons
(1) to (5) of this paper, the expression for the profile
drag-lift ratio takes the form

20D
e G

%:,, D+2(t )M (o )0+ (10064

+5‘§[(t6,5) Nt (fs )Mot (fe.) 201+ (t.)0°

“+ (fs,n) 9051‘[‘ (ts,m) A (te.u) ‘Y"I}%:)\

(v oot Coar gt (oad(75) | 43)

The complete expressions for the coefficients represented
by the symbols (fs,:), (f.2), etc. are given in the
appendix.

The net contribution of the four terms in equation
(13) that contain My/I,0% is negligible for normal values
of v and My/[,Q®. Values of the cocfficients in the
other 10 terms are given in table VI for y=15, B=0.97.
At a tip-speed ratio of 0.5 reducing y from 15 to zero
will change no coefficient by more than 1.3 percent
while increasing y from 15 to 25 will change no coeffi-
cient by more than 6.7 percent. Consequently, the
values given in the table can be safely used for any
conventiongl rotor.
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TapLe VL—NUMERICAL VALUES OF THE COEFFICIENTS IN EQUATION (13) FOR yﬂg‘ %)
g [}
[y=15; B=(.97]

Tip-s;i:ed
Coeﬂglcient ide 0.18 0.2 0.25 0.30 .35 0.40 0.45 0.5
;‘% .................... 0.267 0.280 0.297 0.318 0.343 0.372 0.408 0.443
ﬁax ................... .87 339 33 .38 .353 .360 368 .878
"_ala. ................... .257 .262 .268 %7 .286 208 .81 .32
‘T:.al ___________________ 204 . 207 .21t .215 .221 228 .235 244
‘;’m ___________________ 822 .540 .562 .592 .827 .87l .722 .81
%’m __________________ 711 47 104 .855 .30 Loz 1.13 1267
%.Ml __________________ JEB . 550 . 580 .819 . 668 729 .802 .8%0
%09' __________________ .270 .287 . 508 .83 .378 .42 486 . 560
%M. ________________ 427 440 479 .518 . 568 .632 .710 .805
L - .178 .8 | 1% .210 .2 250 .278 312

The product x 20r/oa on the left-hand side of equa-
tion (13) is, from equation (6),

201- (232 +4 )H—( =B34 Bp ——p )00

+<—B4y+ %Bz,ﬁ)ol (14)

The coefficients of \, 8, and 8, which are independent
of v, are given in table VII for B=0.97.

TaBLE VIL—NUMERICAL VALUES OF THE COEFFICIENTS IN EQUATIO\J (14

2C
FOR =L
a'a
[B=0.97]
Tip-speed
ratio, p
Coefli- 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50
clent of .
) Q 0"14 0.0981 0.1218 0. 1479 0.1753 0.2042 0.2345 0. 2664
00 e . 0645 .0831 . 1083 <1252 L1401 L1783 . 2039
[ 0340 .0462 . 0590 L0728 .0876 .1038 1211 . 1401

DETERMINATION OF &, 81, AND &

The profile-drag coefficient ¢4, has been expressed in
terms of the angle of attack of a blade element a, by
the series

Cap=00+ Bty -, (15)

where &, 8;, and &, are constants, so chosen that the
series will closely approximate an experimental curve
of drag coefficient against angle of attack over the
important part of the angle-of-attack range. Obviously
the values chosen for &, &, and & will depend on the
airfoil section and the Reynolds number. Hence, if
the present paper is to be of any practical value in
rotor-performance calculations, & simple and rapid
method of determining &, &, and &, for different airfoil
sections at any Reynolds number must be developed.

It is shown in reference 4 that the profile-drag
coefficient of a conventional airfoil section at any
Reynolds number can be expressed as

+ At‘do (16)

Cap="Cdp,,

where ¢z, depends on the airfoil section and the

Reynolds number and the increment Acq, depends on
the parameter | c;—¢1,,,]/(Ctnaz—Ciops)-

The variation of Aes with |ei—ci,, )/ (€rnar—C1sp,) 18
expressed graphically in figure 45 of reference 4. Ex-
amination of this curve reveals that the series expansion

Icl—cloptl )2 (17)
¢

c’mu Ciop

eo =Ko o (0 tml) g

Cluar™Clop

can be made to approximate very closely the curve over
a range of values of ¢;—¢i,, |/ (C1p0e—01,,,) from O to 0.8,
provided that the values of K,, K, and K, are properly
chosen. The nature of the agreement that can be
obtained is illustrated in figure 1. In this particular
case the following values were used: K,=0.0003,
K,=—0.0025, and K,=0.0229. These values were
chosen to make the values of Acy, given by the series
agree with the values given by figure 45 of reference 4
8t [er—Cigy |/ (Cinas—C1,) =0.125, 0.400, and 0.675.
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FieuRE 1.—Method of approximating profile-drag inerement Aceyy ofablade element.
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It will be noted that the substitution of the series for
the curve results in some underestimation of the drag
of the blade elements operating at very high lift
coefficients and some overestimation of the drag at¢;,,,.
The overestimation of the drag at ¢;,,, is not considered
serious inasmuch as it is to some extent compensated
by the slight underestimation of the drag at values of
lei—e1,, / Ctmar—C10p) from 0.125 to 0.400. In addi-
tion, because excessive center-of-pressure travel makes
highly cambered sections unsuitable for use in rotors,
rotor-blade sections will normally have low values of
¢1,,» For this reason rotor-blade elements will not
reach values of ¢; as low as ¢;,5; except at the tip of the
advancing blade at very high tip-speed ratios.

The underestimation of the drag of elements operating
at high angles of attack limits the entire theoretical
treatment to those flight conditions in which blade
elements do not reach high angles of attack when moving
at high velocity relative to the air.
limitation is extremely important. If the theory is
applied indiscriminately to all flight conditions, ab-
surdly high performance will be predicted at high tip-
‘speed ratios and high pitch settings. This point will
be discussed further in connection with an illustrative
example in a later section of this paper.

Because values of ¢; appreciably below c,o , need
not be considered, the algebraic value of ¢;,— may
be substituted for the absolute value |e;—ey,,,| in

equation (17). After the resulting expression for
Acg, is expanded and the product ae, is substituted for
¢;, it becomes possible, by equating coefficients of like
powers of &, to express &, &, and & in the following
manner:

0?‘

Recognition of this .

Kie, Kee,

8 — — . opt 1 opl 1
Clog 1 Clmas—Clopt . Clmar— Clogs) as
ﬁ:__ Kl _ -:szopt - (19)
@ clm“’—czﬂpt (clmas_clopt)
82 K,

R T - 20

or, when the values chosen for K, K, and K, are
incorporated,

d—eq,  =0.0003+0. 0025#2,
m opl
2
0 apt .

HOORG ey )

5 1 Cy Il

% —0.0025 0.0458 ——22
a clmaz_c‘opt (c’maz- 0P !)2 (22)

_o 0229———7““: o —- (28}

These expressions are plotted in figure 2 for several
values of ¢,
be directly determined from figures 2(a), 2(b), and
2(c), respectively, for conventionel airfoil sections at

any Reynolds number if €417 Cluaz® Chope’ and ¢ are

known at the Reynolds number in question. Com-
plete directions for determining these last quantitios
at any desired Reynolds number from standard airfoil
tests at some other Reynolds number are given in
reference 4. .
The variation of the Reynolds number for different
pearts of the rotor disk complicates the choice of a value
on which to base the determination of &, 4, and 8, for
any given rotor. Pendmg further investigation of
this particular problem it is suggested that a value
corresponding to the chord and the average rotational
speed of the blade elementat 0.75E be used.

Values of &, 5, and & can therefore .
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APPLICATION OF THEORY

The manner in which the preceding charts and

tables are used will now be illustrated by a numerical

evaluation of the characteristics of a particular rotor
operating at a specified tip-speed ratio. The rotor
used for this example will be assumed to have rectan-
gular blades of the NACA 23012 airfoil section with no
linear twist (6,=0). The Reynolds number corre-
sponding to the chord and the rotational speed at
0.75R will be considered to be approximately 2,000,000.
The rotor will be assumed to have a blade pitch angle
of 4° and to be autorotating at a tip-speed ratio of 0.35.

For the NACA 23012 airfoil section operating at a
Reynolds number of 8,160,000, the following values
were obtained from table II of reference 4:

c,mu _______________________________________ 172
a,perradian. . ________ .. 5.73
Cdy |, ~wmmmmmm e mmmmmmmmmmm oo . 0070
O e e e .08

Since the publication of table IT of reference 4, the
data contained therein have been found to be subject
to corrections described in reference 6. Table III of
reference 6 gives for the NACA 23012 section
Clpar=1.T4, c"omm=0'0060 at a Reynolds number

of 8,400,000. The change in ¢, , is negligible. The
higher value of Cay_ .. used in the present paper may

be considered to include a partial allowance for surface
roughness. The results published in reference 7 in-
dicate that current construction, for wings at least, is
sufficiently crude to increase the minimum profile-drag
coefficient by as much as 50 percent over that for a

smooth wing.
At a Reynolds number of 2,000,000 a value of
Cippe—=1.72—0.27=1.45 is obtained from figure 44 of

reference4. The value of 5.78 for @ remains unchanged.
The minimum profile-drag coefficient is given by the

expression
( ) (Rm>0 |
min Omin std

2X10°
=0.0082

An indication of the probable variation of ¢; ,
with scale for different airfoil sections is given by
figure 42 and table I of reference 4. It is to be noted,
however, that the accuracy-of the experimental data is
not sufficient to establish the small variation for the
NACA 23012 section with any degree of certainty.
For the present example it will be assumed that the
effect of scale on ¢, ,
be ignored over the range of Reynolds numbers from
8,000,000 to 2,000,000.

of the NACA 23012 section can |

The values of &, 8§, and & can now be obtained
from figure 2 or from equations (21), (22), and (23).
They are:

The next step is the determination of the mﬂo“
factor N from the torque equilibrium of the rotor.
In the present problem the rotor is assumed to be in
steady autorotation; hence, the accelerating and the
decelerating torques are exactly equal. That is

(-2

or, at u=0.85, from equations (9) and (11) and tables
IVandV

" @(0.64672+0.689M6p-+0.500N8;4-0.1456.*+0.2126,6,

+0.0776,%) =0.2808,

+5,(0.333 71 0.2806,+ 0.2206;)

+8,(0.694 A2+ 1.092 A6, 0.807 N8, + 0.44 36,
—+0.876600,+0.2688,%)

Terms involving My/I,Q* have been omitted from
this equation on the assumption that Afw/I1,0? is of
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normal magnitude (approximately 0.006) so that the

net contribution of these terms is negligible.

Substitution of the appropriate values of &, &, &,
6, 6, and @ into the preceding equation gives the
quadratic equation
3.7012240.2756010.004050=0.278\%-}

0.0233724-0.002876
Solution of this equation gives two values of A. The
smaller (algebraic) value corresponds to operation at a
negative angle of attack and can be ignored. The
larger value, which corresponds to operation at a
positive angle of attack, is
=—0.0050

With A and 6, known, the calculation of the flapping

angles is carried out with the help of tables I and II.

ay=15[(0.1536) (—0.0050) + (0.1244) (0. 0698)]—M"’

” I1,0*
— — 2w Lo dians
—<O.1 187 1192> radians

a,=(0.777) (—0.0050) 4+ (1.041) (0.0698)
=0.0687 radians
b, =15[(0.0721) (—0.0050) + (0.0591) (0.0698)]

—(0 452)(1_6 )
—[(0 0563) — (0. 452)( 7 Q,)] radians
2_(0 35){(M)( 0.0050)

<1—009—J2r1 096)(0.0698)]
=(0.0082 radians
—(0.35) (-—0.3 142—0.354>(__0.0050)

+(-—0.38 12—0'430>(0.0698):|
= —0.0033 radians
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F1qURE 2.—Charts for the determination of %, 8§, and & for different blade airfoll sections.

It is understood, of course, that the values of a, b,
@2, and b depend on the value of the mass constant y of
the rotor. In these calculations, y=15 was used.

The thrust coefficient is obtained from equation (6)
and table ITI

26—(;7= (0.504) (—0.0050) + (0.361) (0.0698) =0.0227

It will be shown later that the lift coefficient-solidity
ratio Cpfs is a particularly convenient parameter
against which to plot the profile drag-lift ratio of
rotors. This quantity is obtained on the assumption
that L=Tcos a¢ or _

C Lsz—pT/ 2= CppPrR! cos

from which
2CT cos a_ 207 cos® a

w7

C, 2Cracos®a
¢ ot ul

and

— - (24)

Ordinerily at tip-speed ratios above 0.15 or 0.20 the
value of cos® @ can be taken as unity without serious
error. Hence, in the present case

0 5.73
= (0.0227)- 273 O 35p— 1062
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The induced drag-lift ratio of a rotor, given by the
second term of equation (11-4) of reference 1, is

py__ 3 i)
LR T N
At tip-speed ratios above 0.15 the ;actor enclosed in
the brace may be considered unity and
(3)=Sxi
which is, in the present case,
1.062 X 7=0.2660

(25)
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The profile drag-lift ratio of the rotor 1s obtained
from equations (13) and (14) and tables VI and VII:

I)[01753)(=0. 0050) + (0.1252) (0.0698)]

= <0509,§7) 0.343) +( =g ) [(0.353) (—0.0050)
+(0.289) (0.0698)]+ 7y ) (0.627) (—0.0050)"

+ (0.930) (—0.0050) (0.0698) + (0.378) (0.0698)7]

< )o
L =UuU.

EFFECT OF PITCH SETTING AND TIP.SPEED RATIO ON PROFILE
DRAG-LIFT RATIO

The calculation of the profile drag-lift ratio of the
autogiro rotor assumed in the preceding example has
been repeated for a series of other combinations of
the pitch angle 6, and the tip-speed ratio u. The
results are summarized by the chart shown in figure 3.
This type of chart, in which profile drag-lift ratio is
plotted ageinst Cyfo for various values of pitch and
tip-speed ratio, is a particularly convenient method of
presentation, in that the single chart completely speci-
fies the lift and the drag characteristics of the rotor
at any forward speed for all normal combinations of
pitch, tip-speed ratio, and solidity.

LIMITS OF VALIDITY OF THEORY

It has been pointed out that the series used to ap-
proximate the profile-drag coefficient of the blade ele-
ments begins to underestimate seriously the drag
coefficient when the parameter (ci—ei,)/(er, . —¢1,,)
reaches a value of 0.8. The angle of attack of the blade
element corresponding to this limiting condition is

0. 801 +0.26;m

afh .3 a

. (26)

Now, it is impossible to limit the application of the
theory to flight conditions in which e, is never ex-
ceeded by any blade element. VWhenever the rotor is
in translation, some elements of the retreating blade
will be operating at angles of attack above «,,,. For
moderate values of pitch and tip-speed ratio, however,
these high values of the angle of attack are confined to
parts of the rotor disk in which the square of the
velocity of the air relative to the blade element is quite
low. Under such conditions the total contribution of
these blade elements to the rotor thrust, torque, and
flapping is very small, and the error in its estimation is
negligible.

As the tip-speed ratio or the pitch setting is increased,
the high engle-of-attack region spreads to regions of
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increasingly high velocity and the accuracy of the
theory is correspondingly reduced. The extent to which
the theory will be in error in any particular case will be
approximately determined by the square of the maxi-
mum value of the tangential velocity component s at
which elements reach the limiting angle of attack a,, .
Hence, the rational interpretation of a chart such as the
one shown in figure 3 requires the addition of a series of
lines, each of which represents the locus of combina-
tions of pitch and tip-speed ratio for which a,,  is the
maximum angle of attack reached at the value of u,
specified for the line.

In order to construct the hmltmg lines just mentioned,
it is necessary to derive a relation between the angle of
attack of an element and its tangential-velocity com-
ponent. 'The angle of attack is generally expressed by
the formula

ar=12+90+x01
Ur

or, after substitution for ur from equation (9) of
reference 2 and for x from equation (8) of reference 2,
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o, =0+ Ur—0p sin ¥+, cos ¥y—a, sin ¢ 426, cos 2y
—2a, sin 2¢ +a]:;{>\+pa-1+<_#ao+%ﬂag) cos

l-[_--z?ipbz sin «lf—%uag cos 31#—%#52 sin 34’:] (27)

This equation makes it possible to calculate the
angle of attack corresponding to a specified tangential
velocity ur at all azimuth positions. It'is not useful
for the present purpose, however, until the azimuth
angle ¥ at which «, becomes a maximum is deter-

mined. In a specific example, where numerical values

of the ﬂappmg coefficients are available, the derivative
of the expression can be equated to 0 and a numerical
value can be obtained for . This value of ¢, when
substituted in the original expression, will determine
the desired maximum value of «, for the specified
value of ur.

application, unless the rotor is assumed .to have in-
finitely heavy blades.

For_the rotor with infinitely heavy blades the mass
constant y and all flapping coefficients except a; are
zero. Then

o, =00+ 0 %r— Oy 8in Y—a, sin ¢x+_+f_‘£1.

The azimuth positions for meximum and minimum
angles of attack are obtained from the condition that

doy_
- v
which gives ¢=90° for ., and y=270° for ..
Substitution of ¥ =270° gives
A
=ttt urt )+ (142 e
_ T T
After substitution from equation (2),
13 2 1
e =281+ 7«(§2F+2i3m)+—<1 + g+ 5t
0.212 bof 8 4
+00<1+ 3t B”” T )+1T:<3_B“2+373“4)
+I-91<3u +F#3>+u”;<2#2+ Eﬂt") (28)

The coefficients of \, Mug, 6, 8/tr, 61, and 6,/ur are
given in table VIII,

= —thu cos ¥y—a; cos ¥

Tasrz VIIL—NUMERICAL VALUES OF THE COEFFICIENTS IN EQUATION (28) FOR e, .

[R=0.97]
Sy . _ -
Tip-speed | ™" ’ . =
Coeficient "m’\" 0 020 1. 0.2 0.30 0.35 0.40 0.45 0.50
p _ I P o :
TN INU X1 0.430 | . 0.5 - 0. 768 0.838 L.008 1133
Migp.er. coemaeee. o 1,048 - L.088 L35 11087 1.280 1.3t5 1.45¢ 1. 567
YRS I S A - 1362 1 1.886" 2.0%8 2109 [ 2.880 2.572
T .043 .112 178 .250.” .359 477 .617 N
T N 608 | 787 | . L8202 1.006 1.268 1.447 1.633_
1Y P . 048 082 .129 189, 1 .347 .440 - 586

_ In general form, however, this method of .
solution results in expressions too complex for practical .
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Under the conditions chosen for the illustrative
example, §,=0, 6,=4°, A= —0.0050 and

= (—0.0050) (0.768)+<L22r'50>(1.269)

Xrmar

+(0.0698) (2.ozs)+(9'3f—98)(o.359)
T
=10.04° at uy=0.5

The maximum angle of attack does not reach a value
as high as (0.8¢y,,,+0.2¢c;,,,)/c until ur is as low as

0.279. Hence, the conditions chosen for the illustrative
example lie within the range for which the theory may
be expected to give reasonably accurate results.

The value of a,,,,, has been calculated for all combina-

tions of pitch and tip-speed ratio shown in figure 3 for
values of ur of 0.3, 0.4, and 0.5. For each of these
three values of ur, a series of combinations of 8, and  at
which «,,, just reaches (0.8¢;,,,+0.2¢;,,,)/a has been

established by interpolation. Curves drawn through
each series have been included in figure 3. At the present
time it is not possible to estimate quantitatively the error
in the theory corresponding to each of the three curves.
Fortunately such an estimate is not absolutely essential.
The rapidity of the growth, with pitch and tip-speed
ratio, of the high angle-of-attack region beyond the
line for ur=0.4 makes this line a satisfactory limit in
the present case.

A question naturally arises as to whether the fact
that the blades are not infinitely heavy can be safely
ignored in the determination of the limiting lines. In
order to check on this point, three combinations of
pitech and tip-speed ratio, for which «,,, =, at
up=0.4 for infinitely heavy blades, have been used
with u7=0.4 to calculate values of «, against ¥ directly
from equation (27) when y=15. The results are
tabulated as follows:

(deg)
8, % e
& (dew) T
= l y=15
0.28 5.93 0.4 1L75 13.18
.35 4.8 .4 11.75 12.689
.45 3.93 4 1L75 12.79

It is evident that the angles reach slightly higher values
at a given u, for blades of finite mass (y=15). Hence,
limit lines constructed on the assumption of y=0 tend
to overestimate slightly the range of conditions for
which the theory is valid.

Up to this point the discussion has been concerned
primarily with the determination of the limiting con-
ditions of pitch and tip-speed ratio for which the theory
can be expected to give accurate results. It should be
pointed out, however, that the use of combinations of
pitch and tip-speed ratio beyond these limits will
result in an actual performance inferior to that pre-
dicted by the theory because of the drag of blade ele-
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ments operating near and beyond the stall. The
rapidity with which the high angles of attack spread to
high velocities in the rotor under consideration indi-
cates that the conditions of pitch and tip-speed ratio
for optimum performance can be only slightly beyond
the limits of accuracy of the theory.

EFFECT OF COMPRESSIBILITY ON ADVANCING BLADE

The speed at the tip of the advancing blade of a
rotor in translation is

U=V+QR

or, since r=gp approximately,

v H*_
L_t(u-i-l

The compressibility-shock wave usually forms on
airfoil sections at between 75 and 80 percent of the
speed of sound. Hence, the maximum speed at which
a rotor can be flown without danger of loss in efficiency
due to compressibility shock on the advancing blade
tip may be considered to be

(29)

Vmaz="573 ;:‘{_—1 miles per hour
Equation (30) indicates that the lines of constant
tip-speed ratio on figure 3 are also lines of constant
maximum permissible forward speed. For example, a
rotor cannot fly at a forward speed greater than 148
miles per hour, at any value of C;/s to the right of the
line x=0.35 in figure 3, without danger of compressi-
bility shock on the advancing blade. Values of. the
maximum permissible speed, as given by equation (30),
are noted for each tip-speed ratio on figure 3. It is
apparent that, in the case of the constant-pitch auto-
rotating rotor, the necessity of avoiding compressi-
bility on the advancing blade restricts high-speed
flight to inefficient combinations of pitch and tip-
speed ratio.

(30)

CONCLUSIONS

1. Theoretically derived expressions for the thrust,
the torque, and the profile drag-lift ratio of a lifting
rotor in translation have been reduced to simple
functions of the inflow velocity and the blade pitch.
The various terms in these functions have coefficients
that are functions of the tip-speed ratio but are, for
practical purposes, independent of the mass constant.
Values of these coefficients given in tables for specified
values of the tip-speed ratio can be safely used to esti-
mate the characteristics of any rotor of conventional
design.

2. The relationship between the drag and the lift
characteristics of an autorotating rotor, in forward
flight at tip-speed ratios above 0.15, can be com-
pletely specified for various combinations of pitch,
tip-speed ratio, and solidity by a single chart on which
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the profile drag-lift ratio is plotted against the lift
coefficient-solidity ratio for specified values of pitch
and tip-speed ratio.

3. Beyond certain limiting combinations of pitch
and tip-speed ratio, the excessive power required by
blade elements operating at high speeds while near or
beyond the stall adversely affects the over-all rotor
performance to such an extent that the theoretical
treatment is no longer accurate. By a method devel-
oped in the present paper it is possible to determine
approximately these limiting combinations and thus to
avoid the application of the theory to conditions in

REPORT NO. 716—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS o

which the rotor performance would inevitably be over-
estimated.

4. The requirement that compressibility shock be
avoided at the tip of the advancing blade restricts high-
speed flight with an autorotating rotor to inefficient
combindfions of pitch and tip-speed ratio.

LANGLEY MEMORIAL AERONAUTICAL LABORATORY,
NaTioNaL Apvisory COMMITTEE FOR AERONAUTICS,
LancLey FigLp, Va., March 17, 1941.
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