LINEARIZED SUPERSONIC POTENTIAL FLOW PAST

BODIES OF REVOLUTION

Important Facts and Equations

Governing Equation:       


where,





Flow Tangency Boundary Condition:
At the solid surface, r= R(x), we require


 EMBED "Equation" "Word Object3" \* mergeformat  


Surface Pressure Distribution:
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Fundamental Solution: Because the governing equation is linear, it admits superposition of fundamental solutions, called "supersonic sources" of the following form:


 EMBED "Equation" \* mergeformat  



The above solution has a strong singularity at the origin (x=0, r=0), and along the Mach cone

 x= r


These singularities are avoided by making the source strength -C to be an infinitesimally small quantity -f(x) dx, and distributing the sources all along the axis of the body as shown below:
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Slender Body Theory:  The unknown in the above equation is the source strength f(x) which must be chosen such that it satisfies the flow tangency boundary condition. Under normal circumstances, the source strength can only be numerically found, as in panel methods for incompressible  flows. If we assume that r approaches 0, then the above relation may be approximately evaluated to yield
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Note that the second term is purely a function of x. 


We can find the source strength f(x) as follows:
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Solving for f(x), we get
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where S(x) is the body cross sectional area.

Finally, according to slender body theory, 
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Drag: 
From the above expression for j, one can compute the pressure distribution Cp(x), and can find the drag as follows:
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Here SREF is any convenient reference area. For bodies closed at both ends, the maximum area of cross section is usually taken as the reference area. For bullet shaped bodies, the base area is usually chosen as the reference area.


In the special case where S'(L) = 0, which occurs if the body is closed at x=L, or if dR/dx=0 at x=L, the expression for drag simplifies to the following form:


 EMBED "Equation" \* mergeformat  



Note that the expression for drag is independent of  ! Drag can be computed by numerical integration, for any given body geometry S(x) from the above expression.

Fourier Representation of Body Shapes:


Most smooth geometries may be represented as the following Fourier series:
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where the variable  is related to x through the transformation:

x=(L/2) [1+cos()]


Integrating S' over x, we get
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A further integration of S(x) over the body length gives the total volume V:
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Closed form expression for drag:


Using the Fourier series representation for the body shape, the expression for drag simplifies to
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Minimum Drag Bodies:


We note that the drag may be minimized by setting as many of the Fourier coefficients An to be zero, as possible. Two special cases are of interest.

a)
Given a total volume V, find a body minimizes the drag:
Such a body is known as the Sears-Haack body. In this case, set A1=0 to ensure that the body is closed at both ends. Also choose A2 to be 


 EMBED "Equation" \* mergeformat  



Set all the other coefficients An to be zero.

b)
Given a base area S(L), find a body that minimizes drag:

Such a body is known as Karman Ogive body. This is found by choosing
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All the other coefficients An are set to zero.
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