Subsonic Compressible Flow past Finite Wings

Important Facts, Relationships and Equations

Governing equation:


The compressible flow past thin wings at low angles of attack, and modest twist is governed by

2 xx + yy + zz = 0

Boundary Conditions:





Let Z(x,y) describe the wing surface, where x is the distance along the wing chord, and y is the distance along wing span. The wing surface Z(x,y) includes any twist distrbution that the wing may have, and the rotation of the wing to account for angle of attack effects. Then,

z = V∞ ∂Z⁄∂x

Surface Pressure Distribution:


The linearized potential flow theory predicts that the surface pressure distribution at any point(x,y) on the wing is given by

Cp = - 2 x / V∞
Transformation of the compressible flow problem to an incompressible flow problem:


Under the following transformation

0x / yz


the linearized potential flow equation may be shown to transform into the Laplace's equation:

 +  +  = 0

Wing Planform and Aspect Ratio in the Incompressible Plane:


As a consequence of this transformation, the wing shape in the incompressible flow  (,,.) plane experiences a strtetching of the wing in the chordwise direction by an amount 1/ as shown below.





Then,

Aspect Ratio of Wing in the Compressible Plane equals AR of wing in the Incompressible Plane / 

Also, wing area S in the compressible plane is times the wing area in the incompressible plane.

Effect of Transformation on the Airfoil profile Shape:


Since we chose the velocity potentials in the two flows to be identical: 


then,

∂∂y∂∂


Without any loss in generality, we can assume that the freestream velocity V∞ is the same in both the flows. Then, the tangency boundary condition states the slope of the wing∂Z/∂x in the physical plane must be identical to that of the corresponding wing in the incompressible flow. 


Thus the airfoil slope at any spanwise location remains unchanged as a result of the transformation. That is, in the compressible and the incompressible planes, the airfoil profile is identical, with identical twist and identical angle of attack.

Relations Linking the Surface Pressure Distribution and Loads in the Compressible and Incompressible Planes:

Using the transformation discussed above, it is easy to show that

a)
Cp at any point on the wing surface is equal to cp0 / at a corresponding point on the incompressible plane wing (same spanwise location, same precentage chordwise location).

b)
The lift force L'(y) generated per unit span is identical in both planes.

c)
The total lift generated L is identical in both planes.

d)
CL = CL0 / 

e)
∂CL/∂ = [∂CL0/∂/ 
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