Chapter VII -  Part II.

Biot-Savart Law

Velocity Induced by a semi-Infinite Line Vortex of Strength d at a point P
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Consider a semi-infinite vortex of strength that starts at x=0, and ends at x= +( . Consider also a point P, located at x=0, at a distance r from this line vortex. According to a theorem known as Biot-Savart law, this vortex will induce a circumferential velocity at the point P equal to d/4r. 

Why do we have 4r in the denominator? Recall that a 2-D point vortex, which may be thought of as a line vortex extending from -( to +(, will induce a velocity equal to d/2pr. Our vortex is only half as long, extending from x=0 to x=+(. Thus it induces half as large a velocity.

Velocity induced at a point P on the lifting line due to a semi-infinite vortex of strength d:

Next, let us assume that this point P is on the lifting line itself, say at x=0, y=y0, and z=0. The vortex starts at x=0, y=y, z=0 and ends at x=+( , y=y, z=0. This situation is shown in the figure below.

Since the distance between the vortex and the point P is (y0-y), the downward directed velocity (hence called downwash) at P is 
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A wing will have several (in fact an infinite number of) trailing vortices of strength d(y). To get the total downwash at point P, we simply need to integrate the contribution from all such vortices. Thus, the total downwash at P due to all the trailing vortices, including tip vortices is:
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Note that the velocity is downwards, along the negative z- axis.

How about the starting vortex? Will it induce a velocity at P? The answer is no, because it is an infinite distance away, and the induced velocity decreases as 1/(distance separating the vortex and the point P).

How about the lifting line itself? It is a vortex. Would it introduce a velocity on itself?

According to experimental observations, at the core of the vortex, velocities go to zero, as in the “eye” of a hurricane. Since the point P is located at the dead center or the “eye” of the lifting vortex, the lifting line does not induce any velocity.

Thus, the only downwash at any point P on the lifting line is due to the trailing vortices, and is given by the equation above.
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