Chapter VII Handout #1

Prandtl’s Lifting Line Model

In this handout we look at how the forces on a wing of arbitrary shape can be computed. By arbitrary shape we mean that the chord c(y) may have any general function, and that the twist distribution (y) may be any general function. We are interested in computing lift force L and the drag force D, the spanwise distribution of lift force per foot of span L`(y), drag force per foot of span D`(y), and sectional pitching moment per foot of span. This latter information will be used by structural analysts to make sure the wing is strong enough to handle these loads.
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In the text the semi-span is given the symbol s=b/2. the total span is, thus, b. The wing area is given the symbol S. The ratio (span^2)/wing area = (b)^2/S is called the aspect ratio. Commercial aircraft have a large span, and high aspect ratio, between 9 and 11. Gliders may have even larger aspect ratio, around 15 or so. Fighter aircraft, for agility in roll purposes, have a short span, and a low aspect ratio. 

The theory we will use is by Prandtl. He assumed that, at each span station, all the vorticity over the wing embedded in the boundary layer may be lumped at a single point, at the quarter chord as a point vortex .  Of course, the magnitude of  will vary depending on which span station we are talking about, i.e.  is a function of y.  

A line may be joined joining all the quarter chord points, as a dark dotted line in the figure above. Since the vortices are concentrated on this one line, (which consequently generates all the lift), this line is referred to as the lifting line.

Lumping all the vorticity over an airfoil section at a single point has one bad consequence. We can not determine how the lift is distributed along the chord, and, as a consequence, can not directly determine the pitching moment. Thus, Prandtl’s lifting line theory will not directly yield pitching moment results, and we will rely on 2-D airfoil data for pitching moments. His theory will, however, give lift and drag information, and how the lift L` and drag D` loads are distributed along the span.

For a general swept wing, the line joining quarter-chord locations along the span will be swept, or even curved. In Prandltl’s lifting line theory, the sweep of the lifting line, and its curvature are neglected. As a consequence, Prandtl’s theory can not model highly swept wings well. 

Tip Vortcies and Trailing Vortices:

At this point we have a lifting line that runs from tip to tip, that is parallel to the y- axis, and runs through the root quarter chord point. This line is shown below. All along the span, the vortex strength (y) varies. If we know (y) then we can find the lift distribution L`(y) as:
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The total lift over the whole wing is, then 
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This lift distribution will be normal to the free-stream direction. 
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Helmholtz theorem (stated here without proof) says that a line vortex can not abruptly start or end in space. It also says that its strength can not change from point to point, unless other vortices interact with it and add to, or subtract from its strength. It is clear that the lifting line above violates this theorem. It abruptly starts at one wing tip and ends at the other tip. Its strength (y) changes in the spanwise direction.

To satisfy this theorem, Prandtl added trailing vortices and the starting vortex as shown:
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This complicated looking picture may be interpreted as follows. We only have closed boxes, no abrupt ending lines. Thus Helmholtz’s first condition that vortices can not abruptly start or end in space is satisfied. Each of these lines is analogous to a wire carrying current (or a tributary river bringing water). The flow direction is given by the arrows, using the right-hand screw (thumb) rule. Thus, the left-most vortex brings a finite amount of circulation towards the lifting line. The next trailing vortex line adds to the vortex strength a little bit more, and so on. Every such addition increases the lifting line circulation that much more. The circulation reaches its peak at mid span. 

As we proceed from mid span to the right, circulation is now taken away by trailing vortices, a little at a time. When we reach the tip, the last, remaining amount of circulation is taken away by the right tip vortex.

These tip vortices, and other trailing vortices, end at the starting vortex (which was generated when the wing abruptly started from rest). The starting vortex strength also varies along its length, as trailing vortices contribute to its strength, or take away from its strength. 

The starting vortex is so far away from the wing that it does not affect the aerodynamics of the wing. Therefore, we will, from now on worry only about the lifting line, and the trailing vortices. 

These vortices are not mathematical abstractions, but have a physical basis. The tip vortices can be clearly seen as condensation trails (see figures below). The other trailing vortices are too weak to be seen by the naked eye. They are, nevertheless physically present as a vortex sheet because there are infinite number of them, each of them with infinitesimal strength.
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